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We study the quantum-mechanical interpretation of mod-
els with non-Hermitian Hamiltonians and real spectra. We
set up a general framework for the analysis of such systems in
terms of Hermitian Hamiltonians defined in the usual Hilbert
space L2(−∞,∞). Special emphasis is put on the correct
definition of the algebra of physical observables. Within this
scheme we consider various examples, including the model re-
cently introduced by Cannata et al. and the model of Hatano
and Nelson.
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I. INTRODUCTION
Recently, models with non-Hermitian Hamiltonians
(non-Hermiticity meant here in the sense of the space
L2(−∞,∞)) have attracted a lot of interest. One of
the earliest attempts to use such systems is the work
of Hatano and Nelson [1] where it was suggested that a
delocalization transition in superconductors can be de-
scribed by a non-Hermitian Hamiltonian. Next, Bender
and collaborators in a series of papers [2] investigated
some non-Hermitian, PT symmetric Hamiltonians, ar-
guing that they have real eigenvalues. This has triggered
a lot of activity in this field [3–11].
Despite this, some fundamental issues concerning the
quantum-mechanical interpretation have only started to
be addressed [12–15]. In the models treated by Bender
et al. it is, for example, necessary to extend the defini-
tion of position-space wave functions to complex values
of the coordinate [2,16]. This means that the wave func-
tions are not elements of the Hilbert space L2(−∞,∞),
so that the notion of non-Hermiticity in the sense of the
space L2 does not seem to be useful here. In our opinion,
the physical meaning of these wave functions deserves
additional study.
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In this paper we will address these questions. In Sec-
tion II we start by constructing a Hilbert space H that
contains superpositions of eigenfunctions with real eigen-
values of a Hamiltonian H . Here the choice of a scalar
product that provides the link to a probabilistic interpre-
tation is quite arbitrary. Motivated by the approach sug-
gested by Bender and collaborators [2], we consider, e. g.,
scalar products that are defined along complex paths.
We remove the arbitrariness for the choice of the scalar
product by demanding that the Hamiltonian is to be
interpreted as the generator of the time evolution for
a closed system, and therefore has to be Hermitian in
the space H. This still leaves some arbitrariness for the
structure of H, but all allowed theories have a consis-
tent quantum-mechanical interpretation. Next we con-
sider the algebra of physical observables in the theory.
We set up a canonical formulation in which the Hamil-
tonian is only a function of two Hermitian operators xc
and pc fulfilling canonical commutation relations. Such
operators may under some conditions have an interpreta-
tion as a position-space variable and the generator of its
translations, resp. One can then employ the uniqueness
theorem by von Neumann [17] to map the space H to the
space L2. In this way, the physical interpretation is fixed
uniquely.
The whole construction is applied to two exactly solv-
able examples in Section III. The first example is a simple
non-Hermitian model based on the well-known, Hermi-
tian one-dimensional Coulomb problem on the real half
axis. Here we show that the canonical formulation does
not contain any new information. The second example
is based on the model introduced by Cannata et al. [18]
in which the potential is given by V (x) = e2ix/2. Here
we also construct a canonical formulation H = H(xc, pc)
with Hermitian H , but then we show that this formu-
lation does not allow the interpretation of xc and pc as
position and momentum operators, resp., so that the in-
terpretation of the model remains unclear. We end this
Section with a discussion of the phenomenologically im-
portant model of Hatano and Nelson [1] in the spirit of
our approach.
Our concluding remarks are contained in Section IV.
Some technical details that are used in Section III are ex-
plained in Appendix A. In Appendix B we briefly com-
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ment on the connection between real spectra and PT
symmetric Hamiltonians.
II. GENERAL FRAMEWORK
Suppose we have a non-Hermitian (in the usual sense
of the space L2(−∞,∞)) HamiltonianH and some eigen-
functions ψn(x) with real eigenvalues En,
H(x, p)ψn = Enψn , En real . (2.1)
Here the operators x and p act in the usual way as mul-
tiplication by x and −i times differentiation, resp., on
ψn(x), and the eigenfunctions are calculated as solutions
of the corresponding differential equation. They are not
required to be normalizable with respect to the norm
‖ψ‖L2 =
√
(ψ, ψ)L2 of the Hilbert space L2(−∞,∞).
(We use the notation (ψ, ψ′)L2 =
∫∞
−∞
dxψ∗(x)ψ′(x) for
the scalar product of L2.)
Our aim is to set up a formulation in which we can
interpret the superpositions of the eigenfunctions ψn
quantum-mechanically. For simplicity, we will do this
only for the case of a discrete, infinite, non-degenerate
spectrum of H .
To start, we define the vector space V = span{ψn, n =
0, . . .} of the finite superpositions of the eigenfunctions.
Since eigenfunctions corresponding to different eigenval-
ues are always linearly independent, the dimension of
V is infinite. Next we define a scalar product (., .)V
on this space. Besides requiring the usual properties
((ψ, c1ϕ1 + c2ϕ2)V = c1(ψ, ϕ1)V + c2(ψ, ϕ2)V , (ψ, ϕ)V =
(ϕ, ψ)∗V , ‖ψ‖2V ≡ (ψ, ψ)V > 0 for ψ 6= 0 and ‖ψ‖V = 0
for ψ = 0), we leave this scalar product arbitrary at this
point. The scalar product turns V into a separable Eu-
clidean space, and we can use standard theorems [17] to
complete this space, thereby defining a separable Hilbert
space H. As a result, we have V ⊂ H and
(ψ, ψ′)H = (ψ, ψ
′)V for all ψ, ψ
′ ∈ V . (2.2)
(Recall that in addition to the finite superpositions of the
ψn, n = 0, . . ., that make up V , the Hilbert space H also
contains all limits ψ = limn→∞ fn, fn ∈ V , of Cauchy
sequences of vectors of V .)
The Hilbert space H is the natural choice as the space
of states for the system described by the Hamiltonian H ,
because it allows a consistent probabilistic interpretation
of the model in terms of scalar products of states.
It is well-known [17] that all infinite-dimensional, sep-
arable Hilbert spaces are unitarily equivalent to the
Hilbert space L2(−∞,∞). This unitary equivalence
means that an isomorphism T : H → L2 exists that re-
spects the scalar products in both spaces:
(ψ, ψ′)H = (Tψ, Tψ
′)L2 for all ψ, ψ
′ ∈ H . (2.3)
The transformation T is called a unitary transformation
fromH onto L2 [17]. (This notion has to be distinguished
from a unitary operator U that is defined to be an au-
tomorphism, e. g. U : L2 → L2, that respects the norm,
and therefore fulfills U † = U−1.) Given an operator AH
that is defined in H, there is a corresponding operator
AL2 = TAHT
−1 (2.4)
that is defined in L2 and fulfills
(ψ,AHψ
′)H = (Tψ,AL2Tψ
′)L2 (2.5)
for all ψ ∈ H and ψ′ in the domain of definition of AH.
If one denotes the Hermitian adjoint of an operator AH
with respect to the scalar product in H by A‡H,
(ψ,AHψ
′)H = (A
‡
Hψ, ψ
′)H , (2.6)
one finds
A†L2 = TA
‡
HT
−1 , (2.7)
so that, for example, AL2 is L2 Hermitian if AH is H
Hermitian, and vice versa.
The equations (2.4) – (2.7) imply that theories defined
in H and L2 are physically indistinguishable.
A. Hilbert spaces with Hermitian Hamiltonian
We have, up to this point, not specified the details of
the scalar product in H; the construction outlined above
works with every scalar product that can be defined on
the space V . But obviously not only the value of ma-
trix elements, but the whole structure of the space H
depends on this choice. And although any choice allows
a consistent probabilistic interpretation, we will here con-
sider only Hilbert spaces in which the Hamiltonian is
Hermitian. The reason is that we consider the system
described by (2.1) as a closed system. (This appears to
be an implicit assumption in most of the models treated
recently.) According to a theorem by Wigner [19] the
unitarity of the time evolution for such systems is a con-
sequence of fundamental properties of quantum theories
as, for example, the linearity of the time-evolution oper-
ator and the fact that physical states are described by
rays {λψ;λ ∈ C, ψ ∈ H} rather than vectors ψ. If we
want to keep these properties, and if the Hamiltonian H
is to be interpreted as the generator of time evolution, H
has to be Hermitian in the underlying Hilbert space H.
In our context, it is the reality of the spectrum that
makes the construction of Hilbert spaces with Hermitian
H possible. Define, for example,
(ψn, ψm)H = δnm . (2.8)
It is easy to verify that (2.8) is a well-defined scalar prod-
uct inH. (Here the linear independence of the eigenstates
ψn is important.) We have (from now on we denote H
by HH)
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(ψn, HHψm)H = Enδnm = (HHψn, ψm)H , (2.9)
and since the ψn span the whole space, we can conclude
H‡H = HH and H
†
L2
= HL2 , (2.10)
where we have used (2.7). Thus, the choice (2.8) leads to
Hermitian Hamiltonians HH and HL2 in their respective
spaces.
Note that there is no problem to explicitly construct
a transformation T : H → L2 and the Hermitian oper-
ator HL2 . It is enough to take an arbitrary complete,
orthonormalized set of L2 functions, e. g. the eigenstates
ϕn(x) of the harmonic oscillator, and define T in (2.3) as
the linear transformation that fulfills Tψn = ϕn. Then
HL2 = THH(x, p)T
−1 has the required properties. The
crucial point is that the transformed operators xL2 and
pL2 will have the same complicated properties concern-
ing their Hermitian adjoints as x and p and will therefore
in general be void of any physical significance. One has
to find a transformation T that leads to a Hamiltonian
HL2 = H(xL2 , pL2) that allows a clear physical interpre-
tation.
For achieving this, one may employ the uniqueness
theorem by von Neumann [17]. It states that all irre-
ducible representations of two self-adjoint operators xc,
pc that are defined in a separable Hilbert space and fulfill
canonical commutation relations are unitarily equivalent.
This means that given two such operators in a separable
Hilbert space H, a unitary transformation T : H → L2
exists such that xcL2 = Tx
c
HT
−1 and pcL2 are the two
canonical L2 operators
(xcL2ϕ)(x) = xϕ(x) , (p
c
L2ϕ)(x) = −i
dϕ
dx
. (2.11)
In this way the uniqueness theorem allows one to find
a unique (modulo unitary equivalence) interpretation for
quantum theories that are defined on separable Hilbert
spaces other than L2.
Thus our aim is to find a set of canonical operators
(xcH, p
c
H) that are self-adjoint in H,
(xcH)
‡ = xcH , (p
c
H)
‡ = pcH , (2.12)
and fulfill
[xcH, p
c
H] = i . (2.13)
If we are able to expressHH as a function of these two op-
erators,HH = H(x
c
H, p
c
H), we can immediately transform
the model into the space L2 with HL2 = H(x
c
L2
, pcL2).
Here the physical meaning is clear, because one can in-
terpret xcL2 as the position-space observable and p
c
L2
as
the momentum (generator of xcL2 translations).
We emphasize that this canonical formulation HL2 =
H(xcL2 , p
c
L2
) is not just an alternative formulation for the
original problem. In our opinion it is the only formula-
tion which has a clear physical meaning. Thus, if such
a formulation turns out to be impossible, we argue that
the original problem (2.1) is inconsistent. On the other
hand, if a canonical formulation is possible, then the non-
Hermiticity of (2.1) with respect to the space L2 is only
a superficial one, due to a choice of variables that is in-
adequate for the given physical problem.
A necessary condition for the self-adjointness of the op-
erators xc and pc is their Hermiticity. In physical consid-
erations both notions are usually identified. We shall do
the same here, except in cases in which the difference be-
comes essential for the physical conclusions. These cases
will be clearly indicated.
Of course, definition (2.8) is not the only scalar
product giving a Hermitian H . The condition that a
scalar product (., .)′V in the space V leads to a Her-
mitian Hamiltonian H follows from the requirement
(ψn, Hψm)
′
V = (Hψn, ψm)
′
V for all n,m, which gives
(En − Em)(ψn, ψm)′V = 0. Thus all scalar products for
which the ψn are mutually orthogonal lead to a Hermi-
tian H . Therefore the most general ansatz for a scalar
product with Hermitian H is
(ψn, ψm)
′
V = γnδnm , (2.14)
where the γn are some positive constants. With respect
to this scalar product, vectors ψˆn = ψn/cn with |cn|2 =
γn are orthonormal. Let’s define the Euclidean space
E to be the space V equipped with the scalar product
(2.8), and let Eˆ be the Euclidean space build from V and
(2.14). Eventually, E and Eˆ would be completed to give
the Hilbert spaces H and Hˆ, resp. Every linear operator
A : V → V , Aψn =
∑
n,m
anmψm , (2.15)
has a meaning in both spaces E , Eˆ , but their properties,
for example concerning their Hermitian adjoints, will in
general be different in E and Eˆ . On the other hand, the
Euclidean spaces E and Eˆ are connected by the unitary
transformation Tˆ : E → Eˆ ,
Tˆψn = ψˆn =
ψn
cn
, (ψn, ψm)V = (Tˆ ψn, Tˆψm)
′
V ,
(2.16)
and therefore A as an operator E → E can be mapped to
Aˆ = TˆATˆ−1 : Eˆ → Eˆ . (2.17)
These operators, A : E → E and Aˆ : Eˆ → Eˆ , share the
same properties. The transformation Tˆ in (2.16) is only
a function of H , so that Hˆ = H . But in general, unless
A commutes with Tˆ , one has Aˆ 6= A.
This means that to a certain extent one can adjust
the properties of an operator A : V → V by choos-
ing an appropriate scalar product. This will turn out
to be helpful for the construction of sets of canonical
operators (Section III B). If, for example, an operator
3
F (H)−1AF (H) : E → E is Hermitian in E , then A is Her-
mitian in the space Eˆ which is defined by ψˆn = F (H)ψn
and (ψˆn, ψˆm)
′
V = δnm.
B. Scalar products along complex paths
In the work of Bender and collaborators [2] the eigen-
functions ψn(z) are defined with z describing a curve in
the complex plane which is chosen in such a way that the
eigenfunctions are decreasing asymptotically. Let a pa-
rameterization for this curve be z = z(s), −∞ < s <∞.
We may then define a scalar product by
(ψ, ψ′)H =
∞∫
−∞
ds [ψ(z(s))]∗ψ′(z(s)) . (2.18)
The question is whether such scalar products can lead to
a Hermitian Hamiltonian.
According to our general discussion, ψ(z) is an element
of H and ϕ(s) = ψ(z(s)) ∈ L2, i. e. the transformation
T : H → L2 acts as
(Tψ)(s) = ψ(z(s)) = ϕ(s) (2.19)
and
(ψ, ψ′)H = (Tψ, Tψ
′)L2 . (2.20)
Consider two sets of operators: xH and pH act in H in
the usual way:
(xHψ)(z) = zψ(z) , (pHψ)(z) = −idψ
dz
(2.21)
and can be transformed into xL2 and pL2 which act in a
complicated way. The second set consists of the canonical
operators xcL2 and p
c
L2
that act in L2 like
(xcL2ϕ)(s) = sϕ(s) , (p
c
L2ϕ)(s) = −i
dϕ
ds
, (2.22)
are Hermitian and can be transformed into xcH and p
c
H.
With these operators, one finds
(ψ, xHψ
′)H =
∫
ds ϕ∗(s)z(s)ϕ′(s) (2.23)
=
∫
ds ϕ∗(s)(z(xcL2)ϕ
′)(s) (2.24)
= (ϕ, z(xcL2)ϕ
′)L2 ≡ (ϕ, xL2ϕ′)L2 , (2.25)
i. e. xL2 = TxHT
−1 = z(xcL2), which is the path z(s) with
the real parameter s replaced by the Hermitian operator
xcL2 . This is of course also true for the operators in H:
xH = z(x
c
H) . (2.26)
The operator pH can be analysed analogously: Using
dψ/dz = (dϕ/ds)/(dz/ds), one obtains
(ψ, pHψ
′)H = −i
∫
ds [ψ(z(s))]∗
dψ′
dz
∣∣∣∣
z=z(s)
=
∫
ds ϕ∗(s)
(
1
dz(xcL2)/dx
c
L2
pcL2ϕ
′
)
(s)
= (ϕ,
1
dz/dxcL2
pcL2ϕ
′)L2 ≡ (ϕ, pL2ϕ′)L2 , (2.27)
and consequently
pH =
1
dz(xcH)/dx
c
H
pcH . (2.28)
Hence definition (2.18) leads to simple relations connect-
ing the original operators (xH, pH) with the canonical
ones (xcH, p
c
H). (But note that (2.18) explicitly depends
on the parameterization chosen. This leaves a certain
freedom for the definition of the canonical operators.)
The Hermiticity of the canonical operators immedi-
ately leads to
x‡H = z
∗(xcH) (2.29)
and with dxH/dx
c
HpH = p
‡
Hdx
‡
H/dx
c
H and [pH, f(xH)] =
−idf/dxH one obtains
p‡H = v(x
c
H)[iw(x
c
H) + pH] (2.30)
with
v(xcH) =
dxH/dx
c
H
dx‡H/dx
c
H
, (2.31)
w(xcH) =
1
(dxH/dxcH)(dx
‡
H/dx
c
H)
d2x‡H
(dxcH)
2
. (2.32)
One can check that (p‡H)
‡ = pH; this gives the unitarity
of v:
v(xc)‡ = v(xc)−1 (2.33)
and an additional condition:
dv
dxcH
=
[
w(xcH)
‡ − v(xcH)w(xcH)
] dxH
dxcH
. (2.34)
These equations are identically fulfilled for (2.31) and
(2.32).
Now one can ask whether a curve or parameterization
exists that makes a given Hamiltonian Hermitian. Con-
sider a Hamiltonian of the form
H(xH, pH) = p
2
H + V (xH) . (2.35)
In its Hermitian conjugate H‡ = (p‡H)
2 + (V (xH))
‡ the
operator (p‡H)
2 is given by
(p‡H)
2 =
[
v
(
d
dxH
vw
)
− (vw)2
]
(2.36)
+ i
[
2v2w − v dv
dxH
]
pH + v
2p2H .
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Since (V (xH))
‡ does not contain pH, a necessary con-
dition for the Hermiticity of H is that the term linear
in pH in (2.36) vanishes. This, together with relation
(2.34) gives 3vw = w‡. Taking the Hermitian adjoint
of this equation and using the unitarity of v then shows
that necessarily w = 0. Since w contains d2x‡H/(dx
c
H)
2,
which is the operator version of d2z∗/ds2, one sees that
only straight lines,
z(s) = a+ bs , a, b ∈ C , (2.37)
are allowed. Then v is a constant phase, v(xH) = b/b
∗ =
e2i arg b and (p‡H)
2 = e4i arg bp2H. Hence p
2
H is only Hermi-
tian if the parameter b satisfies
arg b = n
π
2
. (2.38)
Under this condition, one has
H‡ = p2H + (V (xH))
‡ , (2.39)
and it may happen that a and |b| can be chosen in such a
way that also the potential becomes Hermitian. But the
fact that only straight lines in the complex plane can lead
to Hermitian Hamiltonians of the form (2.35) seems to
restrict the usefulness of scalar products along complex
paths severely.
In the simple case of straight lines one can explicitly
construct the transformation T : H → L2 (cf. (2.19)): it
is given by a combination
T =
1√
b
Tt(a/b)Td(ln b) (2.40)
of a (complex) translation
Tt(a/b) = exp i(a/b)pH , (Tt(a/b)ψ)(s) = ψ(s+ a/b) ,
(2.41)
and a (complex) dilatation
Td(ln b) = exp
(
i
2
(xHpH + pHxH) ln b
)
, (2.42)
(Td(ln b)ψ)(s) =
√
bψ(bs) . (2.43)
III. DISCUSSION OF VARIOUS MODELS
Unfortunately, most works dealing with non-Hermitian
Hamiltonians are based on numerical methods which are
not very well adapted for studies of the structure of the
space H. But note that an investigation in this direction
has been started in [12]. We will here consider exactly
solvable models. Among those works that also treat ex-
actly solvable models, we mention [13], where a similar
construction of a Hilbert space as the one outlined in Sec-
tion II has been recently applied to the study of certain
coherent states.
In the following we will throughout suppress the sub-
script H for operators that act in the space H; for oper-
ators acting in L2 we keep the subscript L2.
A. The one-dimensional Coulomb problem on the
real half axis
Let us start with a very simple example. We first dis-
cuss it in a way inspired by Bender et al. [2,16] and then
reinterpret it according to the framework of Section II.
Consider the one-dimensional Coulomb problem on the
real half axis x > 0: The Hamiltonian reads
H
(0)
L2
(a) = (pcL2)
2 − a
xcL2
, (3.1)
the eigenfunctions for real x > 0 and a > 0 that are finite
at the origin, have a finite slope there, and are decreasing
for x→∞ are [20]
Φn(x; a) = e
−ax/(2n) ax
n
L
(1)
n−1(ax/n) , (3.2)
n = 1, . . ., with the Laguerre polynomials L
(1)
n−1. The
eigenvalues are
E(0)n (a) = −
( a
2n
)2
. (3.3)
It is clear that Φn(x; a) is normalizable in L2(0,∞) for
real and positive a; the spectrum in this case is a bound-
state spectrum.
We may now use the solutions (3.2) with a = iα, α real
and positive,
ψn(x) = Φn(x; iα) = e
−iαx/(2n) iαx
n
L
(1)
n−1(iαx/n) .
(3.4)
The energies are then still real,
En =
( α
2n
)2
> 0 , (3.5)
and the Hamiltonian is
H = p2 − iα
x
, (3.6)
thus non-Hermitian with respect to L2. The asymptotic
behavior of ψn(x) for complex x = |x|eiϑ and large |x| is
given by
|ψn(x)| ∼ exp
(
α|x|
2n
sinϑ
)
, (3.7)
hence ψn converges most rapidly on the anti-Stokes line
given by ϑ = 3π/2. The eigenfunctions (3.4) have no
finite norm in L2(0,∞). One would therefore consider
the ψn(x) on the anti-Stokes line
x(s) = eiϑs , 0 ≤ s <∞ . (3.8)
In terms of our general discussion in Section II B,
we would define the scalar product in the space H by
(cf. (2.18))
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(ψ, ψ′)H =
∞∫
0
ds [ψ(eiϑs)]∗ψ′(eiϑs) . (3.9)
This corresponds to the special case (2.37) with a = 0
and b = eiϑ. The canonical operators are given by (2.26)
and (2.28):
xc = e−iϑx , pc = eiϑp , (3.10)
therefore the canonical form of the Hamiltonian (3.6) is
H(xc, pc) = e−2iϑ(pc)2 − ie−iϑ α
xc
= −(pc)2 + α
xc
(3.11)
and is obviously Hermitian. Its L2 realization via T :
H → L2, ϕ(s) = (Tψ)(s) = ψ(eiϑs), is
H(xcL2 , p
c
L2) = −(pcL2)2 +
α
xcL2
= −H(0)L2 (α) , (3.12)
and the transformed eigenfunctions read
ϕn(s) = Φn(s;α) . (3.13)
In summary, the quantum-mechanical interpretation
based on the canonical form (3.11) is completely equiv-
alent to the original, Hermitian problem; the change of
the sign of the spectrum (3.5) is reflected by the sign
in (3.12). Hence the solutions (3.4) do not contain any
new information. Moreover, the kinetic energy in (3.11)
has—contrary to (3.6)—the wrong sign. This makes the
model unphysical.
B. The model of Cannata et al.
In the model introduced by Cannata, Junker and Trost
[18] the Hamiltonian is
H =
1
2
(p2 + e2ix) (3.14)
(a similar model has been considered in [21]). The Schro¨-
dinger equation for this Hamiltonian can be reduced to
Bessel’s differential equation, so that its general solution
is given by
Ψν(x) = c1H
(1)
ν (e
ix) + c2H
(2)
ν (e
ix) , Eν =
ν2
2
.
(3.15)
For real x no normalizable solutions exist. But if x is
chosen along curves in the complex plane, different pos-
sibilities occur. We briefly summarize the main cases;
details can be found in [18].
In the upper-half x plane, one can find normalizable
solutions for every real value of the energy, i. e. no quan-
tization condition appears and the spectrum has no lower
bound so that the system is unphysical. If one divides
the lower-half x plane into vertical strips separated by
the lines Rex = nπ with integer n, and if one assumes
that the curves along which the wave functions are de-
fined have two asymptotes that are vertical lines going
down, then the following configurations occur: If a curve
starts and ends in the same strip, no quantization con-
dition appears, the spectrum is again unbounded from
below. If the curve starts in one strip and ends in the
next strip, then no normalizable solutions exist. If, how-
ever, the curve starts in one strip and ends in the next-
to-next strip (e. g. one asymptote of the curve is the anti-
Stokes line at Rex = π/2 and the other asymptote is at
Rex = 5π/2), the quantization condition ν = n+ 1/2, n
integer, appears. One then has the solution
ψn(x) = H
(1)
n+1/2(e
ix) , En =
(n+ 1/2)2
2
. (3.16)
In addition to this case, on which our subsequent discus-
sion concentrates, there exist other curves with similar
spectra [18].
It follows from (3.16) that
ψn = i(−1)−n−1ψ−n−1 . (3.17)
This means that the ψn with n ≥ 0 constitute a set of
linearly independent eigenstates, so that one can start
from the space V = span{ψ0, ψ1, . . .} to construct H.
The recursion relations zdZν/dz ± νZν = ±zZν∓1 for
Bessel functions can be used to find
e−ixψn =
1
2n+ 1
(ψn−1 + ψn+1) , (3.18)
e−ixpψn =
1
2
(ψn−1 − ψn+1) . (3.19)
Thus the two operators e−ix and e−ixp are well-defined
operators H → H. The two relations (3.18) and (3.19)
lead to the version
e−2ix
[
(n+ 1/2)2 − p2]ψn = ψn (3.20)
of the Schro¨dinger equation Hψn = Enψn. (Note that
these are algebraic relations that hold for all Bessel func-
tions and all n ∈ C. It is (3.17) and the definition of V
that are specific to the solution (3.16).)
We first consider the question whether one can define a
scalar product along a curve such that the Hamiltonian
(3.14) becomes Hermitian. Since (3.14) is of the form
(2.35), it is clear that only straight lines x = a + bxc
are possible. Then pc = bp, and the Hamiltonian can be
written as
H(xc, pc) =
(pc)2
2b2
+
e2i(a+bx
c)
2
. (3.21)
If one wants this to be Hermitian, only lines with Re a =
nπ/2 and Re b = 0 are allowed. Although such lines may
be the asymptotes of curves that lead to the solution
(3.16), one cannot get a connected curve by joining these
lines.
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Therefore, we now return to the general discussion of
Section IIA and define the Hilbert space H by imposing
the orthogonality condition (ψn, ψm)H = δnm for n,m ≥
0, see (2.8). The equations (3.18) and (3.19) can then
be used to calculate the adjoints of e−ix and e−ixp; the
results are
eix
‡
ψn =
1
2(n− 1) + 1ψn−1 +
1
2(n+ 1) + 1
ψn+1 (3.22)
and (
e−ixp
)‡
= −e−ixp . (3.23)
It follows that p˜c = ie−ixp is Hermitian. Furthermore,
[x, p] = i leads to [eix, p˜c] = −i. Hence the two operators
x˜c = −1
2
(
eix + e−ix
‡
)
, p˜c = ie−ixp (3.24)
are Hermitian and fulfill [x˜c, p˜c] = i so that they form a
canonical set.
But it seems that one cannot write the Hamiltonian
(3.14) only as a function of x˜c and p˜c. One can readily
express H as H = H(x˜c, p˜c, x˜c′), where x˜c′ = i(eix −
e−ix
‡
)/2 is another Hermitian operator. This operator
fulfills [x˜c′, p˜c] = 0. This may mean that x˜c′ is only a
function of p˜c, but we were not able to show this.
One therefore has to find other canonical variables. We
emphasize that for the following discussion we use the
term Hermitian in the precise sense of symmetry, i. e. an
operator A is called Hermitian if (ψ,Aψ′)H = (Aψ,ψ
′)H
for all ψ, ψ′ in the domain of definition of A.
We can use the method described at the end of Sec-
tion IIA to try to find a new scalar product that makesH
and e−ix simultaneously Hermitian. As such a new scalar
product is connected to the old one by (ψn, ψm)
′
H =
γn(ψn, ψm)H, γn > 0 (see (2.14)), a Hermitian e
−ix would
require real matrix elements (ψn, e
−ixψn)H for all n. But
since ψ−1 = iψ0, one obtains (ψ0, e
−ixψ0)H = i, so that
one cannot construct a scalar product for which e−ix is
Hermitian in the entire space H. The best one can do
is to make e−ix Hermitian in the subspace spanned by
{ψ1, ψ2, . . .}. This is achieved by defining
ψˆn =
4
√
H ψn =
√
n+ 1/2ψn/
4
√
2 for n ≥ 0 , (3.25)
and introducing a new Hilbert space Hˆ with the new
scalar product (ψˆn, ψˆm)Hˆ = δnm for n,m ≥ 0. Then
e−ixψˆn =
1
2
√
n+ 1/2
(
ψˆn−1√
n− 1 + 1/2 +
ψˆn+1√
n+ 1 + 1/2
)
(3.26)
for n ≥ 1 and
e−ixψˆ0 = iψˆ0 +
ψˆ1√
3
. (3.27)
These equations show
(ψˆn, e
−ixψˆm)Hˆ = (e
−ixψˆn, ψˆm)Hˆ (3.28)
for all n,m ≥ 0 except for n = m = 0, i. e. the restriction
e−ix
∣∣
Vˆ1
: Vˆ1 → Hˆ (3.29)
of e−ix to the space Vˆ1 = span{ψˆ1, . . .} is Hermitian. If
we define
ξn =
ψˆn−1√
n− 1 + 1/2 +
ψˆn+1√
n+ 1 + 1/2
for n ≥ 1 ,
(3.30)
then the image of Vˆ1 under e−ix is given by Vˆξ =
span{ξ1, . . .}. Consider the series
f
(n)
N =
N∑
k=0
(−1)kξn+2k+1 (3.31)
=
ψˆn√
n+ 1/2
+ (−1)N ψˆn+2(N+1)√
[n+ 2(N + 1)] + 1/2
. (3.32)
It fulfills∥∥∥f (n)N − ψˆn/√n+ 1/2∥∥∥
Hˆ
(3.33)
=
1√
[n+ 2(N + 1)] + 1/2
→ 0 for N →∞
and therefore converges in Hˆ, i. e.
ψˆn√
n+ 1/2
=
∞∑
k=0
(−1)kξn+2k+1 for n ≥ 0 , (3.34)
which means that the linearly independent (although
non-orthogonal) vectors ξn, n ≥ 1, lie dense in the space
Hˆ. We now define the operator
xˆc =
(
e−ix
∣∣
Vˆ1
)−1
: Vˆξ → Vˆ1 . (3.35)
This operator acts as
xˆcξn = 2
√
n+ 1/2 ψˆn , (3.36)
has a dense domain of definition in Hˆ and is Hermitian:
(ξn, xˆ
cξm)Hˆ = 2(δn,m+1 + δn+1,m) = (xˆ
cξn, ξm)Hˆ (3.37)
for all n,m ≥ 1. We use xˆc as one of our canonical
variables. Its conjugate momentum can be defined by
pˆc = − i
2
(e−ixp+ p e−ix) . (3.38)
The operator xˆc has to be distinguished from the op-
erator eix. Furthermore, although xˆc is well-defined in
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the space Vˆξ by (3.36), in acting on the eigenfunctions
ψˆn via (3.34) it leads to the divergent series
xˆcψˆn = 2
√
n+ 1/2 (3.39)
×
∞∑
k=0
(−1)k
√
n+ 2k + 1 + 1/2 ψˆn+2k+1
so that xˆcψˆn cannot be defined by this series. Because of
this, the construction of (3.38) and the demonstration of
the commutation relation [xˆc, pˆc] = i is a rather techni-
cal problem. The corresponding proofs are described in
detail in Appendix A. Here we just note that
pˆcψˆn =
i
2
√
n+ 1/2
(
−nψˆn−1√
n− 1 + 1/2 +
(n+ 1)ψˆn+1√
n+ 1 + 1/2
)
(3.40)
for all n ≥ 0, and that indeed
(ξn, pˆ
cξm)Hˆ = (pˆ
cξn, ξm)Hˆ for all n,m ≥ 1 (3.41)
and
[xˆc, pˆc]ξn = iξn for all n ≥ 1 . (3.42)
Now we are finally in the position to write down the
canonical form of the Hamiltonian of the model of Can-
nata et al.: From (A10) we have p = ixˆcpˆc + 1/2, and
as explained in Appendix A, one can replace eix by xˆc in
the Hamiltonian (3.14), so that H can be written as
H = H(xˆc, pˆc) =
1
2
[
−(xˆc)2(pˆc)2 + 2ixˆcpˆc + 1
4
+ (xˆc)2
]
.
(3.43)
One thing should be noted here: Although (3.14) mul-
tiplied with ψˆn is of course well-defined in Hˆ, the two
terms p2ψˆn and e
2ixψˆn are divergent; their divergencies
cancel in the sum. With respect to (3.43) this means that
one can group the terms on the right-hand side in such a
way that no divergencies appear in intermediate results.
This is achieved by writing (see (A13))
H =
1
2
[
xˆc
[
xˆc
(
1− (pˆc)2)+ 2ipˆc]+ 1
4
]
. (3.44)
This form of the Hamiltonian is an operator that maps
Vˆ = span{ψˆ0, ψˆ1, . . .} to itself. In this sense, (3.43) is
equivalent to (3.14) in the entire space Vˆ.
Let’s consider the realization of this Hamiltonian in
L2(−∞,∞), i. e. HL2 = H(xcL2 , pcL2), in which xcL2 and
pcL2 are identified with the canonical L2 operators:
HL2 =
1
2
[
x2
d2
dx2
+ 2x
d
dx
+
1
4
+ x2
]
. (3.45)
The general solution of the Schro¨dinger equation HL2Φν
= (ν + 1/2)2Φν/2 is given by [22] Φν(x) = c1ϕν(x) +
c2ϕ−ν−1(x) with
ϕν(x) =
1√
x
Jν+1/2(x) , ν ∈ C . (3.46)
For the case corresponding to the spectrum (3.16),
namely integer ν = n, these solutions are proportional to
spherical Bessel functions c1jn(x) + c2j−n−1(x). In fact,
the equations (3.26), (3.27) and (3.40) are closely related
to the recursion relations for spherical Bessel functions
[23].
The solutions (3.46) fulfill [22]
(ϕν , ϕµ)L2 =
2e−ipi(ν
∗−µ)/2
ν∗ + µ+ 1
sinπ(ν∗ − µ)
π(ν∗ − µ) (3.47)
for Re(ν∗ + µ) > −1. Here the value of ϕν(−x), x > 0,
has been chosen above the cut, i. e. −x = eipix. This
result has quite interesting consequences: First of all, for
integer n ≥ 0 only ϕn, but not ϕ−n−1 is L2 normalizable.
Furthermore, the functions
ϕˆn(x) =
√
n+ 1/2ϕn(x) =
√
2n+ 1
π
jn(x) , n ≥ 0 ,
(3.48)
are orthonormal in L2:
(ϕˆn, ϕˆm)L2 = δnm , (3.49)
in other words, the linear transformation T : Hˆ → L2
defined by T ψˆn = ϕˆn is an isometry. But it is not a
unitary transformation, because the ϕˆn do not span the
whole space L2. This can be seen most easily by consid-
ering
D(x, y) =
∞∑
n=0
ϕˆn(x)ϕˆ
∗
n(y) =
∞∑
n=0
2n+ 1
π
jn(x)jn(y) .
(3.50)
Completeness of the ϕˆn would require D(x, y) = δ(x−y),
but instead one obtains [23]
D(x, x) =
1
π
. (3.51)
Even worse, the formally L2 Hermitian Hamiltonian
(3.45) is not even Hermitian: It follows from (3.47) that
‖ϕν‖2L2 =
e−pi Im ν
Re ν + 1/2
sinh 2π Im ν
2π Im ν
for Re ν > −1
2
,
(3.52)
thus HL2 has eigenfunctions with complex eigenvalues
Eν = (ν + 1/2)
2/2 ∈ C in L2, so that (ϕν , HL2ϕν)L2 =
Eν‖ϕν‖2L2 6= E∗ν‖ϕν‖2L2 = (HL2ϕν , ϕν)L2 .
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Our initial aim was to apply the uniqueness theorem
to the canonical formulation (3.43). But we have not
checked whether the canonical operators xˆc and pˆc are
self-adjoint (as required by the uniqueness theorem). Al-
though the Hermiticity and dense domain of definition of
these operators are a necessary condition for this [17], it
is in general not an easy task to check the self-adjointness.
In our case, a simple argument can be given that shows
that no unitary transformation T : Hˆ → L2 that maps
xˆc and pˆc to the canonical position and momentum op-
erators of the space L2, x
c
L2
= T xˆcT−1, pcL2 = T pˆ
cT−1,
exists: The operator pˆc is bounded, from (3.40) one finds
‖pˆcψ‖
Hˆ
≤
√
3
5
‖ψ‖
Hˆ
for all ψ ∈ Hˆ . (3.53)
Under a unitary transformation T the boundedness prop-
erties do not change, hence the bounded operator pˆc can-
not be mapped to the unbounded operator pcL2 .
This argument can even be generalized: The operator
pˆc in (3.38) is not the only momentum operator that can
be assigned to xˆc, because if f(xˆc) is a Hermitian function
of xˆc, then
πc = pˆc + f(xˆc) (3.54)
is also a Hermitian operator with [xˆc, πc] = i. Now sup-
pose that this set (xˆc, πc) can be mapped to the canoni-
cal position and momentum operators of L2 by a unitary
transformation T . Then for ϕ ∈ L2, Eq. (3.54) gives
(pˆcL2ϕ)(x) = (T pˆ
cT−1ϕ)(x) = −idϕ
dx
− f(x)ϕ(x) (3.55)
= −ieiF (x) d
dx
(
e−iF (x)ϕ(x)
)
(3.56)
= (UpcL2U
−1ϕ)(x) , (3.57)
where dF/dx = f(x), and where the unitary operator U :
L2 → L2 is the gauge transformation U = exp iF (xcL2).
Thus the canonical L2 momentum would be given by
pcL2 = U
−1pˆcL2U . (3.58)
Here all operators on the right-hand side are bounded,
in contradistinction to the fact that pcL2 is not bounded.
This shows that if pˆc is bounded, then also all operators
πc of the form (3.54) cannot be unitarily equivalent to
the canonical L2 momentum.
Physically this means that one cannot interpret xˆc and
pˆc or πc as position and momentum operators, resp. Thus
our conclusion is that the physical interpretation of the
model of Cannata et al. is still unclear. Of course, it may
be possible that other, self-adjoint canonical operators
can be found. As we have already pointed out, such
a formulation is, in our opinion, necessary for the very
definition of the model.
C. The model of Hatano and Nelson
In the context of studies of delocalization phenomena,
the model of Hatano and Nelson [1] has attracted a lot
of interest recently [24,25]. It is defined in one dimension
by the non-Hermitian Hamiltonian
H(g) =
(p+ ig)2
2m
+ V (x) , (3.59)
where g is a real parameter connected to an externally
applied magnetic field, and V (x) is a random potential.
It has been demonstrated numerically that at a certain
critical value g = gc a localized wave function turns into
a delocalized one, and it has been suggested that this
behaviour signals the occurrence of a delocalization phase
transition.
The numerical demonstration of a delocalization tran-
sition at the critical value gc is based on the use of a mod-
ified scalar product in the space of quantum-mechanical
states [1]. There has been some controversy about this
point [26], but at present a consensus seems to have been
reached that the delocalization transition is only visible
if the density distribution of particles is calculated ac-
cording to a scalar product based on the product of left-
and right-eigenfunctions of the Hamiltonian (3.59) [27].
We want to point out here that a physical interpreta-
tion that is based on this modified scalar product is only
consistent if the underlying Hilbert space H is chosen ac-
cordingly. In fact, as we will show, this Hilbert space is
just of the kind considered in Section II, i. e. below gc
the Hamiltonian (3.59) is Hermitian in H. But it turns
out that under reasonable conditions this Hilbert space
explicitly depends on the parameter g, so that the g de-
pendence of the Hamiltonian (3.59) is not the complete
dependence of the model of Hatano and Nelson on g.
It is the aim of this Section to investigate this depen-
dence. This is important for the phenomenological im-
plications of the model of Hatano and Nelson, because
g is considered to be an external parameter that can be
varied.
We want to emphasize that we are dealing here only
with the quantum-mechanical model of [1], not with its
applications to statistical-mechanical problems like vor-
tex depinning in type-II superconductors or population
biology [24].
Consider a set of eigenfunctions ψn(x; g) of (3.59),
H(g)ψn(x; g) = En(g)ψn(x; g) , (3.60)
determined as solutions of the corresponding differential
equation and being elements of a Hilbert space H0 (e. g.
the space L2(−∞,∞) or the space of periodic functions).
In [1], examples are given in which the eigenvalues En(g)
are real for g being smaller than some critical value gc,
for g > gc they become complex.
Let us first recall the construction of the modified
scalar product as introduced by Hatano and Nelson. We
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refer here to the detailed description given in [27], ac-
cording to which the ψn can be chosen such that∫
dxψn(x;−g)∗ψm(x; g) = (ψn(−g), ψm(g))H0 (3.61)
is always well-defined and given by
(ψn(−g), ψm(g))H0 = δnm . (3.62)
The probabilistic interpretation of the model is based on
this bilinear form; the integrand in (3.61) for n = m,
̺(x) = ψn(x;−g)∗ψn(x; g) ≡ ψLn(x; g)ψRn (x; g) (in the
notation of [27], the superscripts L and R denoting left-
and right-eigenfunctions) is interpreted as the particle
density in the bulk of the sample.
It is important to realize that (3.62) rests upon some
quite non-trivial assumptions. First of all, as the H0
adjoint of H(g) is given by H†(g) = H(−g), Eq. (3.62)
can only hold provided the spectra of H(g) and H(−g)
can be ordered in such a way that [27]
En(−g)∗ = En(g) . (3.63)
By taking the complex conjugate of the differential equa-
tion corresponding to the Schro¨dinger equation (3.60),
we see that if H(g)ψn(x; g) = En(g)ψn(x; g), then
H(g)ψ∗n(x; g) = E
∗
n(g)ψ
∗
n(x; g) , (3.64)
i. e. the eigenvalues come in complex conjugate pairs.
Hence (3.63) asserts that the spectra of H(g) and H(−g)
coincide.
In order to construct a new Hilbert space that is
based on a scalar product consistent with (3.62), we
again start with the infinite-dimensional vector space
V(g) = span{ψn(g), n = 0, 1, . . .} of the finite superpo-
sitions of the eigenfunctions. Next, we define a linear
operator Mg : V(g)→ V(−g) which acts as
Mgψn(g) = ψn(−g) (3.65)
and use it to define a scalar product in V(g) through
(ψ, ψ′)V(g) ≡ (Mgψ, ψ′)H0 . (3.66)
Proceeding as in Section II, we can complete this space
with respect to the norm ‖ψ‖V(g) =
√
(ψ, ψ)V(g) to ob-
tain the separable Hilbert space H. Then, by (3.62), the
eigenfunctions ψn(g) form an orthonormal basis in H.
There may also be cases in which one is considering
an enumerable set of solutions ψn(x; g) of (3.60) that are
not elements of a space H0 (e. g. because they are not
normalizable in H0). One can then still construct H in
complete analogy to Section II by considering this set of
solutions ψn(x; g), defining V(g) as above, and defining
the scalar product in V(g) so as to fulfill
(ψn(g), ψm(g))H = δnm . (3.67)
This definition is always possible; it does not rely on
additional assumptions like (3.63). Condition (3.63) only
has to do with the explicit form of the metric operator
Mg relating the scalar products in H and H0.
We can now formulate the model of Hatano and Nelson
entirely in the space H, and since the spectrum is real
for g < gc, we find as in (2.10)
H‡(g) = H(g) for g < gc . (3.68)
We emphasize that it is essential for the following dis-
cussion that the metric operator Mg in (3.65) depends
on g, because then it may happen that the space H will
be different for different values of g.
For matrix elements of an operator AH and vectors ψ,
ψ′ that are contained both in H and H0, and for which
both the Hermitian adjoint A†H in H0 and A‡H in H are
defined, one finds
(A‡Hψ, ψ
′)H = (ψ,AHψ
′)H = (Mgψ,AHψ
′)H0
= (A†HMgψ, ψ
′)H0 = (MgM−gA
†
HMgψ, ψ
′)H0
= (M−gA
†
HMgψ, ψ
′)H (3.69)
since MgM−g = 1, so that
A‡H =M−gA
†
HMg . (3.70)
Although H is well-defined by the construction out-
lined above, we do not know much about it as the eigen-
functions ψn(x; g) are not explicitly known. (To our
knowledge, no non-trivial, exactly solvable model of the
form (3.59) that exhibits a delocalization transition ex-
ists.) One therefore has to rely on some assumptions,
and we will assume here that the operator x in (3.59) is
H Hermitian,
x‡ = x . (3.71)
This assumption is quite natural, because according to [1]
the fact that a delocalization transition (leading from a
real spectrum to a complex one) occurs, does not depend
on the detailed form of the potential V (x). Since below
gc the Hamiltonian H(g) is Hermitian (cf. (3.68)), and
since this has to be true for a large class of potentials, the
operator x should be Hermitian. Note that here, contrary
to the treatment of the examples in Sections III A and
III B, we treat x as a physical observable.
Consider the case g < gc: We then have from the Her-
miticity of H(g) and x
(p‡ − ig)2 = (p+ ig)2 . (3.72)
This equation has two solutions:
p‡ = −p and (3.73)
p‡ = p+ 2ig . (3.74)
The first solution (3.73) would be compatible with an
Mg that is independent of g, since M−gpMg = −p in this
case. The second solution (3.74),
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M−gpMg = p+ 2ig , (3.75)
requires a g dependent Mg. But the first solution is
physically unacceptable. The reason is that (as H(g)
is Hermitian) we can assume that the time evolution is
governed by the Schro¨dinger equation, so that the expec-
tation value 〈x〉(t) = (ψ(t), xψ(t))H evolves according to
d
dt
〈x〉(t) = i〈[H(g), x]〉(t) = 〈v〉(t) (3.76)
with v = (p + ig)/m. Hence p + ig ≡ pkin is the kinetic
momentum. (This observable has also been considered in
[1].) The first solution (3.73) then corresponds to an anti-
Hermitian velocity operator, v‡ = −v, giving a purely
imaginary expectation value for the velocity. Only the
second solution (3.74) leads to a real expectation value
for the velocity. Therefore, we only consider (3.74) to
be physically meaningful, and consequently Mg has to
depend on g.
We now want to discuss how the quantum-mechanical
predictions of the model vary with g. The situation in
quantum mechanics is similar to the situation in classical
Hamiltonian mechanics: There one has two canonically
conjugate variables xc and pc which are the independent
variables, and the Hamiltonian has to be expressed in
terms of these two variables:
H = H(g;xc, pc) . (3.77)
Varying any parameter g appearing in the Hamiltonian,
the system reacts in precisely the way given by the g
dependence of the formulation (3.77). In the quantum-
mechanical case, these two canonically conjugate vari-
ables xc and pc have to be two operators fulfilling canon-
ical commutation relations [xc, pc] = i and have to be
self-adjoint. By this last requirement, the structure of
the underlying Hilbert space comes into play. Having
such a formulation, we can use the uniqueness theorem to
map H(g;xc, pc) uniquely (modulo unitary equivalence)
to the L2 formulation HL2 = H(g;x
c
L2
, pcL2). Thus, the
g dependence of H(g;xcL2 , p
c
L2
) describes the complete g
dependence of the physical system.
Applying this reasoning to the model of Hatano and
Nelson, one has to find the two canonically conjugate
operators xc and pc. Again, we assume that x is Hermi-
tian in H, whereas pc is non-Hermitian, see (3.74). But
as [x, p] = i, one finds that one may choose
xc = x and pc =
1
2
(p+ p‡) (3.78)
as the set of Hermitian operators with canonical commu-
tation relations. (For g < gc, Eq. (3.78) and (3.74) just
give pc = p+ ig = pkin.)
The next task is then to express the Hamiltonian (3.59)
through xc and pc. In order to do this, one has to know
how p‡ acts in H for arbitrary g. Again, this would be
clear once we knew the states ψn explicitly. But since we
don’t know them, we have to rely on some assumptions,
and here we will restrict our discussion to a physically
rather uninteresting case, namely the case of wave func-
tions that are defined with infinite, non-periodic bound-
ary conditions. It is well-known [1] that under these con-
ditions there is no g dependence at all. The numerical
demonstrations of delocalization transitions have always
been carried out for wave functions with periodic bound-
ary conditions. Still, the example of infinite, non-periodic
boundary conditions serves illustrative purposes. At the
end, we will comment on the case of periodic boundary
conditions.
The point is that for non-periodic boundary conditions
the unitary transformation Tg : H → L2 is known to be
only a function of x = xc [1]:
Tg = Tg(x
c) . (3.79)
Such a Tg acts on states ψ ∈ H simply as (Tg(xc)ψ)(x) =
Tg(x)ψ(x), so that
(ψ, ψ′)H = (Tgψ, Tgψ
′)L2 =
∫
dx |Tg(x)|2ψ∗(x)ψ′(x) .
(3.80)
From this equation one can deduce how p‡ acts on
states of H: A simple calculation based on (p‡ψ, ψ′)H =
(ψ, pψ′)H and partial integration shows that
p‡ = p− i d
dxc
ln(TgT
‡
g ) . (3.81)
Thus, from (3.78) we obtain
p = pc +
i
2
d
dxc
ln(TgT
‡
g ) . (3.82)
Substituting this into (3.59) leads to the expression
H(g) = H(g;xc, pc)
=
1
2m
(
pc +
i
2
d
dxc
ln(TgT
‡
g ) + ig
)2
+ V (xc) . (3.83)
Equation (3.83) represents the canonical form of the
Hamiltonian of the model of Hatano and Nelson for in-
finite, non-periodic boundary conditions. As before, in
this form the model can immediately be formulated in
the space L2 by just replacing x
c, pc by xcL2 , p
c
L2
, resp.
As one can see, we have canonically coupled a nontrivial,
purely imaginary field
A(x; g) =
i
2
d
dx
ln |Tg(x)|2 + ig (3.84)
to the system with g = 0.
The spectrum of (3.83) is real for g < gc and complex
for g > gc. This means that H(g;x
c, pc) is Hermitian
below gc and non-Hermitian above gc (see (3.68)). The
Hermiticity translates into a vanishing anti-commutator
{pc, A(xc; g)} = 0 for g < gc. Formulating this in L2,
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{−id/dx,A(x; g)}ϕ(x) = 0 for all ϕ ∈ L2 , (3.85)
leads to the equation ϕ(dA/dx) = −2A(dϕ/dx) which—
as it has to hold for all ϕ ∈ L2—requires
A(x; g) = 0 (for g < gc) . (3.86)
For g > gc the spectrum becomes complex, and A(x; g) 6=
0 is possible. Hence one can write explicitly
H(g;xc, pc) =
1
2m
[pc +Θ(g − gc)A(xc; g)]2 + V (xc) .
(3.87)
In fact, for infinite, non-periodic boundary conditions
it is well-known [1] that Tg is given by
Tg(x
c) = exp(−gxc) , (3.88)
leading to
A(x; g) = 0 for all g , (3.89)
i. e. gc =∞ in (3.87), and the spectrum is real for all g.
The transformation Tg in (3.88) is often refered to as an
“imaginary gauge transformation”. Our analysis shows
that this notion is quite misleading: Nothing has been
gauged away by Tg; we just have two formulations of
the same physics, realized in the two different, though
unitarily equivalent Hilbert spaces H and L2.
The problem in the case of Hilbert spaces H0 and H
that contain wave functions with periodic boundary con-
ditions is that in these spaces only the differentiation
operator p is defined; the operator x has a vanishing do-
main of definition. This makes it impossible to construct
a canonical formulation for which the uniqueness theo-
rem may be used. Still, if one chooses a periodic poten-
tial in (3.59), our reasoning applies up to Eq. (3.75); only
the argument given in (3.76) can—strictly speaking—no
longer be used. This means that also in the case of peri-
odic boundary conditions it may happen that the space
H is an unknown function of g, making it a priori impos-
sible to compare the predictions of the model for different
values of g.
To our knowledge, this aspect has not been discussed
in the literature up to now, but it is in our opinion of
fundamental importance for the phenomenological inter-
pretation of the model of Hatano and Nelson. We see, for
example, that the canonical formulation (3.87) describes
a non-continuously differentiable change of the Hamil-
tonian at the transition point gc. Whether such a be-
haviour should be called a phase transition is not clear
to us; it seems to be more similar to the sudden switching-
on of a magnetic field as the parameter g passes gc. It is
clear that the behaviour of the system will then change,
localized states may become delocalized, but one would
hardly call this a phase transition.
Let us mention another aspect of the model of Hatano
and Nelson. We have seen in (3.68) that as long as the
spectrum of H(g) is real, the non-Hermiticity of H(g)
with respect to the space H0 is a rather superficial one
that can be avoided by considering the space H. Thus
the time evolution can consistently be described by the
Schro¨dinger equation, leading to a unitary time-evolution
operator. The situation changes when the spectrum be-
comes complex. It is then no longer possible to con-
struct a Hilbert space in which the Hamiltonian is Her-
mitian and which at the same time contains eigenstates
with complex eigenvalues. Although a completely con-
sistent probabilistic interpretation is still possible, the
interpretation of the Hamiltonian as the generator of the
time evolution would then lead to a non-unitary time-
evolution operator with all the problems mentioned in
Section IIA.
IV. CONCLUSIONS
In this work we have studied the quantum-mechanical
interpretation of models with non-Hermitian Hamiltoni-
ans (in the usual sense of the space L2) and real spectra.
Assuming that the systems under consideration are
closed, and that the Hamiltonians are the generators of
the time evolution for these systems, we construct sepa-
rable Hilbert spaces in which the Hamiltonians are Her-
mitian.
Within this construction, we set up a canonical for-
mulation in which the Hamiltonian is only a function of
two Hermitian operators xc and pc that fulfill canonical
commutation relations. Then a unique physical inter-
pretation is obtained if these operators are self-adjoint,
because in this case the model can be formulated as a
Hermitian problem in the space L2. If, on the other
hand, this equivalent L2 description cannot be achieved,
we consider the model to be quantum-mechanically in-
consistent.
We apply the above construction to a number of mod-
els recently discussed in the literature.
As a first example, we have analysed a simple non-
Hermitian model that is based on the Hermitian one-
dimensional Coulomb problem on the real half axis. Mo-
tivated by the approach of Bender et al. [2], we extend
the eigenfunctions to complex values of the coordinate.
We then show that the canonical formulation of this ex-
ample does not contain any new information compared
to the original, Hermitian version of the model.
The next example is the model introduced by Cannata
et al. [18]. Although here we also find a canonical for-
mulation, it turns out that no equivalent L2 formulation
exists. In our opinion this may indicate that the model
is intrinsically inconsistent.
Our last example is the phenomenologically important
model of Hatano and Nelson [1]. Here the appropriate
Hilbert space is already determined by the introduction
of the modified scalar product in [1]. Under these condi-
tions, the dependence of the Hamiltonian on the external
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parameter g that is responsible for the non-Hermiticity
of the Hamiltonian does not fully describe how the sys-
tem varies with g. For the special case of wave functions
with infinite, non-periodic boundary conditions, we give
the canonical L2 formulation which clearly exhibits this
complete g dependence. It turns out that at the critical
value g = gc, where the states of the system undergo
a delocalization transition, also the L2 version of the
Hamiltonian changes in a non-continuously differentiable
way from Hermitian to non-Hermitian. In our opinion,
this makes the usual interpretation of this transition as
a phase transition questionable. We argue that in the
phenomenologically relevant case with periodic bound-
ary conditions similar effects may also occur.
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APPENDIX A: PROPERTIES OF THE
CANONICAL VARIABLES FOR THE MODEL OF
CANNATA ET AL.
In (3.35) the operator xˆc is defined on the subset
{ξ1, ξ2, . . .} which is dense in Hˆ. Eq. (3.37) shows that
xˆc is Hermitian. We can therefore use the fact that every
densely defined, Hermitian operator has a closed exten-
sion [17], to extend the domain of definition of xˆc to some
larger space than Vˆξ. The problem is that xˆcψˆn is not
defined by this procedure (cf. (3.39)). We will therefore
in the following define every operator on the space Vˆξ,
check its algebraic properties there, and will then implic-
itly assume that we consider closed extensions where this
is possible.
To start, we rewrite (3.26) and (3.27) with the help of
(3.30) and (3.34) in the form
e−ixξn =
ξn−1
2(n− 1 + 1/2) +
ξn+1
2(n+ 1 + 1/2)
(A1)
for n ≥ 2, and e−ixξ1 = ξ2/5 −
∑∞
k=1(−i)kξk. It follows
that although
e−ixxˆcξn = ξn for all n ≥ 1 , (A2)
one obtains
xˆce−ixξn = ξn only for n ≥ 2 , (A3)
whereas xˆce−ixξ1 is divergent.
In order to construct the canonically conjugate mo-
mentum operator pˆc, we first note that (3.19) leads to
e−ixpψˆn =
√
n+ 1/2
2
(
ψˆn−1√
n− 1 + 1/2 −
ψˆn+1√
n+ 1 + 1/2
)
(A4)
for n ≥ 1 and e−ixpψˆ0 = iψˆ0/2 − ψˆ1/(2
√
3). Then we
use p e−ix − e−ixp = −e−ix together with (A2) to get
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p = e−ixpxˆc − 1. Combining this with (A4) gives for all
n ≥ 1
pξn = (n− 1 + 1/2)ξn − (2n+ 1) ψˆn+1√
n+ 1 + 1/2
.
(A5)
This equation shows that p is anti-Hermitian:
(ξn, pξm)Hˆ = δn+2,m − δn,m+2 = −(pξn, ξm)Hˆ (A6)
for all n,m ≥ 1. Now define
pˆc = − i
2
(e−ixp+ p e−ix) = −ie−ix(p− 1/2) . (A7)
This operator fulfills
pˆcξn =
i
2
(
− n− 1
n− 1 + 1/2ξn−1 +
n+ 2
n+ 1 + 1/2
ξn+1
)
(A8)
for all n ≥ 1. In the matrix element (ξn, pˆcξm)Hˆ =
−i(ξn, e−ix(p− 1/2)ξm)Hˆ (with n,m ≥ 1) the vector
(p− 1/2)ξm = (m− 1)ξm − (2m+ 1) ψˆm+1√
m+ 1 + 1/2
(A9)
never has a component proportional to ψˆ0 (see (3.30)),
because for m = 1 the first term vanishes. Then, as a
consequence of (3.28), the operator e−ix in (ξn, pˆ
cξm)Hˆ
can be shifted to the left side for all values n,m ≥ 1.
This, together with the anti-Hermiticity of p shows that
pˆc is Hermitian in the entire space Vˆξ.
The commutator [xˆc, pˆc] can be calculated in a similar
way: One has xˆcpˆcξn = −ixˆce−ix(p− 1/2)ξn. Since (p−
1/2)ξn never has a ξ1 component, one can apply (A3), so
that
xˆcpˆcξn = −i(p− 1/2)ξn for all n ≥ 1 . (A10)
Writing pˆc = −i(p+1/2)e−ix, one can use (A2) to derive
pˆcxˆcξn = −i(p + 1/2)ξn for all n ≥ 1. Combining these
relations leads to the desired result:
[xˆc, pˆc]ξn = iξn for all n ≥ 1 . (A11)
In summary, the operators xˆc and pˆc are Hermitian,
densely defined operators in Hˆ that fulfill canonical com-
mutation relations.
One can now express the Hamiltonian (3.14) as a func-
tion of xˆc and pˆc: If we restrict the discussion for the
moment to the subspace span{ξ2, ξ3, . . .}, we can replace
e2ix in (3.14) by (xˆc)2. Then (A10) gives
H =
1
2
[(
ixˆcpˆc +
1
2
)2
+ (xˆc)2
]
. (A12)
Applying ξn to it, one should note that, for example,
(xˆc)2ξn = 2
√
n+ 1/2 xˆcψˆn is not defined. But the terms
on the right-hand side of (A12) can be arranged in the
following way:
H =
1
2
[
xˆc
[
xˆc
(
1− (pˆc)2)+ 2ipˆc]+ 1
4
]
. (A13)
Then all intermediate results are well-defined in Hˆ. One
obtains
H(xˆc, pˆc)ξn (A14)
=
(n− 1 + 1/2)3/2
2
ψˆn−1 +
(n+ 1 + 1/2)3/2
2
ψˆn+1
for n ≥ 2. We emphasize that this result cannot be used
to check the eigenvalue equation for ψˆn = limN→∞ f
(n)
N
(cf. (3.31)): The Hamiltonian is an unbounded operator,
hence one cannot expect that
H lim
N→∞
f
(n)
N = limN→∞
Hf
(n)
N . (A15)
In fact, limN→∞Hf
(n)
N is divergent. But one can apply
ψˆn directly to (A13). Again, all intermediate results are
well-defined, for example
[
xˆc
(
1− (pˆc)2)+ 2ipˆc] ψˆn = n(n+ 1)
2
√
n+ 1/2
ξn for n ≥ 1 ,
(A16)
and one obtains the expected result Hψˆn = (n +
1/2)2ψˆn/2. It even turns out that this result holds for
n = 0, so that the representation (A13) is correct in the
entire space Vˆ = span{ψˆ0, ψˆ1, . . .}.
APPENDIX B: THE CONNECTION BETWEEN
REAL SPECTRUM AND PT SYMMETRY
In [2], Bender et al. attribute the reality of the spec-
trum of non-Hermitian Hamiltonians H to the PT in-
variance of H . In fact, many examples of non-Hermitian,
PT symmetric Hamiltonians with real spectra have sub-
sequently been found [3–6]. Still, also examples of non-
Hermitian Hamiltonians with real spectra that are not
PT invariant are known, see, e. g., [7,8,18]. A proof that
PT invariance is related to the reality of the spectrum
does not exist. Here we want to present some arguments
against such a relation.
Let us consider general properties of non-Hermitian,
PT symmetric Hamiltonians. We put Θ ≡ PT in the
following and assume
[H,Θ] = 0 . (B1)
Since Θ is anti-unitary, we find for an H eigenstate ψEn ,
HψEn = EnψEn (En being complex in general),
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HΘψEn = ΘHψEn = ΘEnψEn = E
∗
nΘψEn , (B2)
showing firstly that ΘψEn is an eigenstate of H with
eigenvalue E∗n and secondly that the eigenvalues of a Θ
symmetric, non-Hermitian Hamiltonian always occur in
complex-conjugate pairs. Thus, if the spectrum of H is
non-degenerate, one has
ΘψEn = constψE∗n . (B3)
We want to emphasize that the Θ symmetry of a non-
Hermitian Hamiltonian H is not sufficient to ensure the
reality of the spectrum of H [2]. Only if one makes the
additional assumption that ψEn is a simultaneous eigen-
state of Θ, i. e. ΘψEn = γψEn , one can conclude that the
spectrum of H is real.
But it is important to note that the last assumption is
crucial for the reality of the spectrum, and that there is
no reason to believe that this assumption holds in gen-
eral. To see this, recall the usual argument that is used
to show that a Hamiltonian H and a further linear oper-
ator A can be simultaneously diagonalized if [H,A] = 0:
If Hψn = Enψn, one has
HAψn = AHψn = AEnψn = EnAψn , (B4)
showing that Aψn is an eigenstate with the same eigen-
value as ψn. If now the spectrum of H is non-degenerate,
one has Aψn = constψn, and if the spectrum of H is de-
generate, one may still diagonalize A in the eigenspace
corresponding to En, so that the eigenstates of H with
eigenvalue En may still be superimposed to give eigen-
states of A. If, however, A is an anti-linear operator,
then (B4) gives HAψn = E
∗
nAψn, so that Aψn is not an
eigenstate with the eigenvalue En. Hence, in general one
cannot simultaneously diagonalize H and an anti-linear
operator A, even if their commutator vanishes.
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